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The variational asymptotic method is used to construct a thermomechanical model for homogenizing
heterogeneous materials made of temperature-dependent constituents subject to ﬁnite temperature
changes with the restriction that the strain is small. First, we presented the derivation for a Helmholtz
free energy suitable for ﬁnite temperature changes using basic thermodynamics concepts. Then we used
this energy to construct a thermomechanical micromechanics model, extending our previous work which
was restricted to small temperature changes. The new model is implemented in the computer code
VAMUCH using the ﬁnite element method for the purpose of handling real heterogeneous materials with
arbitrary periodic microstructures. A few examples including binary composites, ﬁber reinforced com-
posites, and particle reinforced composites are used to demonstrate the application of this model and
the errors introduced by assuming small temperature changes when they are not necessarily small.
 2012 Elsevier Ltd. All rights reserved.1. Introduction the order of 105/C. Hence, it has a practical signiﬁcance for us toTo study the thermomechanical behavior of solids, we often use
the so-called linear thermoelasticity, assuming not only small strain
but also small temperature changes, which implies the temperature
increment is small relative to the initial absolute temperature T0
(Kovalenko, 1970b). If the current temperature is T, linear thermo-
elasticity requires ðT  T0Þ=T0 to be of the order of the elastic strain
which is usually in the order of 1% or smaller for it to be small. If T0 is
room temperature, then the temperature changes T  T0 must be in
the order of a few degrees to strictly satisfy the assumption of small
temperature changes adopted in linear thermoelasticity. Despite of
this limiting assumption, the equations obtained in linear thermo-
elasticity can be applied to relatively larger temperature changes
as long as the material properties are temperature independent,
which is often implicitly assumed in linear thermoelasticity. The
reason for this interesting observationwill be explained later. Many
engineering systems are commonly designed to experience signiﬁ-
cant temperature changes of hundreds of degrees or even thousands
of degrees such as space shuttle thermal protection panels, gas
turbine blades, and car or airplane heat exchangers. Although the
temperature changes can be large, the strains generated within
most engineering materials can still be reasonably assumed to be
small, as the coefﬁcients of thermal expansion (CTEs) for hard solids
(e.g., diamond, invar, silicon) can be in the order of 106/C and for
many metals and their alloys (e.g., steel, aluminum, copper) are inll rights reserved.
+1 435 7972417.abandon the assumption of small temperature changes and temper-
ature independence of material properties without violating the
assumption of small strains. What is worthy to mention is that we
only need to slightlymodify the well established linear thermoelas-
ticity theory to enable such a generalization, which is called ﬁnite
temperature change small strain thermoelasticity in this paper.
The thermoelastic behavior of a solid can be governed by a
Helmholtz free energy. Thus, to derive the ﬁnite temperature small
strain thermoelasticity theory, we expand the Helmholtz free en-
ergy functional into a quadratic form of the strain ﬁeld due to
the assumption that the strain can be considered small and some
remaining terms which are determined through the basic concepts
of thermodynamics. The derivation is similar to that presented in
Boussaa (2011) which itself is built on Kovalenko’s small-strain
thermoelasticity theory (Kovalenko, 1970a) developed a few dec-
ades ago. Such a Helmholtz free energy form can be used both
for constructing structural models and micromechanics models.
The latter is the focus of the present paper, which is directly related
with development of heterogeneous materials for high tempera-
ture applications.
It is known that heterogeneous materials, or commonly called
composites, are more sensitive to temperature changes as different
constituents of the materials could have quite different thermome-
chanical characteristics. Micromechanics, also called homogeniza-
tion, was introduced to analytically predict the effective properties
of heterogeneous materials based on a mathematical idealization
of the building block (microstructure) of the heterogeneous mate-
rial. The building block of the material is also commonly called unit
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provides an illustration of the concept of micromechanics model-
ing. Note only a single inclusion in the unit cell is drawn for illus-
trative purpose. The theory developed in this work can treat unit
cells with more realistic morphology such as multiple irregular
inclusions and holes. Although micromechanics models are tradi-
tionally only concerned with predicting the effective properties
such as elastic constants, CTEs, conductivities, and speciﬁc heats
of the material, more recent models also have the capability to pre-
dict the local ﬁelds when the UC is subject to a certain macroscopic
ﬁeld (Aboudi et al., 2001; Yu and Tang, 2007b). The local ﬁelds are
essential for detailed failure analysis of the material such as the
common ﬁber matrix debonding phenomena.
Micromechanicsmodeling of the thermoelastic behavior of com-
posites is usually addressed using linear thermoelasticity (see, e.g.,
Rosen and Hashin (1970), Laws (1973), Aboudi et al. (2001), Yu
and Fish (2002) and Yu and Tang (2007b) and references cited there-
in). As we have pointed out that two assumptions of linear
thermoelasticity (small temperature changes and temperature-
independence of material properties) are too restrictive to be useful
formanypractical applications, particularlymanymaterials in engi-
neeringwill experience signiﬁcant temperature changes. One objec-
tive of this paper is to relax these two assumptions to develop a
micromechanics model suitable for composites made of tempera-
ture-dependent constituents subject to ﬁnite temperature changes.
One can in principle develop a complete ﬁnite thermoelasticitywith
ﬁnite strains and ﬁnite temperature changes as Temizer and Wrig-
gers (2011), but it is beyond the scope of this paper andwewill pur-
sue it in our further work.
Alongwith the increasing fabrication techniques,microstructure
becomes increasingly complex. For a micromechanics model to be
useful for practical material systems, it must be versatile enough
to handle realistic microstructures as it could introduce unaccept-
able errors by approximating realistic complex microstructures
using highly idealized mathematical models on which traditional
micromechanics approaches are based. To this end, a general-pur-
pose micromechanics modeling framework, VAMUCH (Variational
Asymptotic Method for Unit Cell Homogenization), is developed
for handling composites with arbitrary periodic microstructures
(Yu and Tang, 2007b,a; Tang and Yu, 2007). As long as a unit cell
(aka the building block) of the material can be identiﬁed and repre-
sented by a ﬁnite elementmesh, VAMUCHcan be used to predict not
only the effective properties but also the local ﬁelds of the heteroge-
neous materials. A detailed explanation of the uniqueness of VA-
MUCH can be found in Yu and Tang (2010). In this paper, we will
implement the micromechanics model developed based on the
ﬁnite temperature change small strain thermoelasticity into VA-
MUCH so that it can also rigorously model materials with tempera-
ture-dependent constituents under ﬁnite temperature changes. One
immediate application of this development is to analytically
characterize the thermomechanical properties of high-temperature
foam materials developed for possible use in thermal protection
systems of hypersonic vehicles.Fig. 1. Heterogenous materials, un2. Helmholtz free energy for ﬁnite temperature change small
strain thermoelasticity
It is well-known that the Helmholtz free energy, a scalar func-
tional, can be used to derive the thermoelasticity theory which
governs the thermoelastic behavior of solids. In this paper, we
are focusing on one-way coupled thermoelastic coupling. That is,
we study the elastic behavior under a known temperature ﬁeld.
Then, it is a natural deduction that if the Helmholtz free energy
expression is not restricted to small temperature changes and tem-
perature-independent material properties, the corresponding ther-
moelasticity theory will not have such limitations either.
To derive a Helmholtz free energy suitable for materials with
temperature-dependent properties and experiencing ﬁnite tem-
perature changes, we need ﬁrst to deﬁne the material properties
of interest as temperature dependent, such as the coefﬁcients of
thermal expansion aklðrij; TÞ, the heat capacity per unit volume
Cðij; TÞ, the elastic constants CijklðTÞ, the thermal strain tensor
mijðTÞ, and the thermal stress tensor lijðTÞ. The symbol outside
the parenthesis denotes the physical quantity while the symbols
inside parenthesis are regarded as the independent variables used
to describe the state of function. Note that for a deﬁned function
Fðrij; TÞ or Fðij; TÞ, the quantity Fð0; TÞ means Fðrij ¼ 0; TÞ (stress
free state) or Fðij ¼ 0; TÞ (strain free state) depending on how
the function is deﬁned.
The Helmholtz free energy density f ðij; TÞ is a function of the
strain ﬁeld ij and the absolute temperature T. To relax the assump-
tion of small temperature changes, we cannot put any restriction
on T but assuming ij to be small, then we can carry out a Taylor
expansion of f ðij; TÞ in terms of the small strain ﬁeld, ij, as
f ðij; TÞ ¼ f ð0; TÞ þ ij @f ðij; TÞ
@ij

ij¼0
þ 1
2
ijkl
@2f ðij; TÞ
@ij@kl

ij¼0
ð1Þ
Here only up to the quadratic terms of the strain ﬁeld are kept due
to the assumption of small strains. We know rij ¼ @f@ij, that is
rij ¼ CijklðTÞkl þ lijðTÞ ð2Þ
with CijklðTÞ ¼ @
2 f ðij ;TÞ
@ij@kl

ij¼0
as the fourth-order elasticity tensor and
lijðTÞ ¼ @f ðij ;TÞ@ij

ij¼0
as the second-order thermal stress tensor. We
can also rewrite the stress–strain relation as
ij ¼ SijklðTÞrkl þmijðTÞ ð3Þ
with Sijkl as the fourth-order compliance tensor and mij as the sec-
ond-order thermal strain tensor which is obtained according to
mij ¼ Sijkllkl. The coefﬁcients of thermal expansion, aij, as functions
of stress ﬁeld and temperature, are deﬁned as
aij ¼ @ij
@T

rij¼constant
ð4Þ
Then from Eqs. (3) and (4), we haveit cell, and effective material.
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where prime is used to denote derivative with respect to T, the
absolute temperature which is currently experienced by the solid,
i.e., m0ij ¼
dmij
dT . From Eq. (5), we have
aijð0; TÞ ¼ m0ij ð6Þ
where we can obtain
mij ¼
Z T
T0
aijð0; fÞdfþmijðT0Þ ð7Þ
Note here aijð0; TÞ are the stress-free coefﬁcients of thermal expan-
sion which can be measured at a speciﬁc temperature T. The ther-
mal strain at reference temperature, mijðT0Þ, can be determined
according to Eq. (3) if we know the initial stress and strain at the
reference temperature. For example, if we choose our reference
state to be stress and strain free at T ¼ T0, which is normally done,
we will have mijðT0Þ ¼ 0. Then we can express our thermal strain
tensor in a form similar as that we used in linear thermoelasticity
which is restricted to only small temperature changes
mij ¼ aijðTÞh with aijðTÞ ¼ 1h
Z T0þh
T0
aijð0; fÞdf ð8Þ
Here h ¼ T  T0 denotes the temperature change from the reference
temperature T0. It is emphatically pointed out that h is not necessar-
ily small comparing to T0, as assumed in linear thermoelasticity.
The thermal strain mij is not linear with respect to h as aijðTÞ is also
function of h (note T ¼ hþ T0). We can observe from Eq. (8) that if
the material properties are not functions of T, then the constitutive
relation in Eq. (2) remains the same as that obtained in linear ther-
moelasticity. In other words, linear thermoelasticity is applicable to
large temperature changes if the material properties are tempera-
ture independent. Normally, aijðTÞ is termed as the secant stress-
free coefﬁcients of thermal expansion. We can also express the ther-
mal stress tensor as
lijðTÞ ¼ CijklðTÞmklðTÞ ¼ CijklðTÞaijðTÞh  bijðTÞh ð9Þ
Here, bijðTÞ can be similarly called the secant strain-free thermal
stress coefﬁcients.
Next we need to ﬁnd the expression for f ð0; TÞ. The entropy is
commonly deﬁned as g ¼  @f
@T

ij¼constant
in continuum mechanics
textbooks. From Eq. (1), we have
g ¼ 1
2
C 0ijklijkl  l0ijij  f 0ð0; TÞ ð10Þ
The heat capacity per unit volume at constant strain, C, is deﬁned
as
C ¼ T@g
@T

ij¼constant
ð11Þ
Based on this deﬁnition we have
C ¼ T f 00ð0; TÞ þ l00ijij þ
1
2
C 00ijklijkl
 
ð12Þ
Clearly C is a function of both ij and T, and the strain-free heat
capacity per unit volume, Cð0; TÞ, will be a function of T only as
follows
Cð0; TÞ ¼ Tf 00ð0; TÞ ð13Þ
which can be used to solve for f ð0; TÞ as
f ð0; TÞ ¼ f0  g0ðT  T0Þ 
Z T
T0
Z f
T0
Cð0;qÞ
q
dqdf ð14Þ
Substituting Eqs. (9) and (14) into Eq. (1), we havef ðij;TÞ¼12CijklðTÞijklþ
bijðTÞijhg0T
Z T
T0
Z f
T0
Cð0;qÞ
q
dqdf ð15Þ
where the constant f0 þ g0T0 is dropped as one can easily show this
to be the internal energy of the reference state which is commonly
assumed to be zero (Lubarda, 2004). Although the free energy is lin-
ear with respect to g0, entropy at reference temperature, it only pro-
vides an additive constant to the entropy at the current
temperature and it has no effect on the thermoelastic behavior
we want to model. Thus the term g0T will be dropped in further
derivations. The free energy form in Eq. (15) can be reduced to that
used in Yu and Tang (2007b) for micromechanics modeling based
on linear thermoelasticity if we assume small temperature changes
and the temperature-independent material properties. This system-
atic derivation using basic thermodynamics concepts above actually
helped us identify an error in Yu and Tang (2007b) that the sign of
the quadratic terms related with temperature changes should be
minus.
3. Micromechanics model based on ﬁnite temperature change
small strain thermoelasticity
Starting from the Helmholtz free energy expression we have
just derived for ﬁnite temperature change small strain thermoelas-
ticity in Eq. (15), we can follow an identical derivation procedure as
given in Yu and Tang (2007b) to obtain a variational statement
which will govern the micromechanics model. To avoid repetition,
this procedure is not reproduced here but sufﬁce to say that the
variational statement can be expressed as minimizing the follow-
ing functional
f ðij;vi;TÞ¼
1
2X
Z
X
CijklðTÞ ijþvðijjÞ
h i
klþvðkjlÞ
h in
þ2bijðTÞ ijþvðijjÞ
h i
h
o
dX
Z T
T0
Z f
T0
hCð0;qÞi
q
dqdf ð16Þ
subject to periodic constraints. Here, vi is the commonly called ﬂuc-
tuating function, ij is the global strain tensor, and angle brackets
indicate average over the unit cell.
Introduce the following matrix notations
 ¼ 11 212 22 213 223 33b cT ð17Þ
1 ¼
@v1
@y1
@v1
@y2
þ @v2
@y1
@v2
@y2
@v1
@y3
þ @v3
@y1
@v2
@y3
þ @v3
@y2
@v3
@y3
8>>>>>>><
>>>>>>:
9>>>>>>>=
>>>>>>;
¼
@
@y1
0 0
@
@y2
@
@y1
0
0 @
@y2
0
@
@y3
0 @
@y1
0 @
@y3
@
@y2
0 0 @
@y3
2
666666666664
3
777777777775
v1
v2
v3
8><
>:
9>=
>;  Chv ð18Þ
where Ch is an operator matrix and v is a column matrix containing
the three components of the ﬂuctuating functions. If we discretize v
using the ﬁnite elements as
vðxi; yiÞ ¼ SðyiÞvðxiÞ ð19Þ
where S represents the shape functions and X is a column matrix of
the nodal values of the ﬂuctuation functions. Substituting Eqs. (17)–
(19) into Eq. (16), we obtain a discretized version of the functional as
f ð;X ; TÞ ¼ 1
2X
ðX TEX þ 2XTDhþ TDþ 2XTDhhh
þ 2TDhhÞ 
Z T
T0
Z f
T0
hCð0;qÞi
q
dqdf ð20Þ
where
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Z
X
ðChSÞTDðChSÞdX Dh ¼
Z
X
ðChSÞTDdX
D ¼
Z
X
DdX Dhh ¼
Z
X
ðChSÞTbdX
Dh ¼
Z
X
bdX
with D as the 6  6 material matrix condensed from the fourth-or-
der elasticity tensor Cijkl, and b as the 6  1 column condensed from
bij. Minimizing f ð;X ; TÞ in Eq. (20) with respect to X , we obtain the
following linear system
EX ¼ Dh Dhhh ð21Þ
The solution can be written symbolically as
X ¼ X0þ X hh ð22Þ
Substituting Eq. (22) into Eq. (20), we can calculate the effective
Helmholtz free energy density of the UC as
f ð; TÞ ¼ 1
2
TDðTÞþ TbðTÞhþ f ð0; TÞ ð23Þ
with
DðTÞ ¼ 1
X
ðX T0Dh þ DÞ
bðTÞ ¼ 1
X
1
2
ðDThX h þ XT0DhhÞ þ Dh
 
f ð0; TÞ ¼ h
2
2X
XThDhh 
Z T
T0
Z f
T0
hCð0;qÞi
q
dqdf
Here, we can observe that D is the effective stiffness matrix and
f ð0; TÞ is the effective heat per unit volume when the temperature
of the unit cell is increased from T0 to T. However, b cannot be sim-
ply interpreted as the effective thermal stress coefﬁcient matrix and
its real meaning will be disclosed later. Comparing to the microm-
echanics model based on linear thermoelasticity, we will ﬁnd out
that the calculation and results of D remain the same as long as
we use temperature-dependent material properties for the compu-
tation and the calculation of b will remain the same if we replace
the temperature-independent CTE used for linear thermoelasticity
with secant CTE, but the results will be obviously different.
The effective stress–strain relationship for the homogenized
material can be written as
r ¼ Dþ bh ð24Þ
The effective thermal stress coefﬁcient can be deﬁned as follows:
b ¼ @r
@T
j¼constant ¼ D0þ b
0
hþ b ð25Þ
The effective thermal stress coefﬁcient is a function of the global
strain  and absolute temperature T. Note b is not the same as b.
The corresponding effective strain-free thermal stress coefﬁcient is
bð0; TÞ ¼ b0 ðT  T0Þ þ b ð26Þ
The effective strain–stress relationship for the homogenized mate-
rial can be obtained from Eq. (24) as
 ¼ D1 r D1bh ð27Þ
which implies the effective thermal strain, m, can be obtained using
the following expression:
m ¼ D1bh ¼ ah ð28Þ
If one would like to obtain the effective CTEs, we can obtain through
its deﬁnition in Eq. (4) as
aðr; TÞ ¼ D1 0 rþ m0 ð29Þ
Here m0 can be considered as the effective stress-free CTE at
T; að0; TÞ. Particularly, using Eq. (28), we haveað0; TÞ ¼ D1 b þ b0h D0D1bh
 
¼ a þ a0h ð30Þ
Here, the identity D1
 0 ¼ D1D0D1 is used.
The effective speciﬁc heat per unit volume can also be obtained
through its deﬁnition as
Cð;TÞ¼T @
2f
@T2
j¼constant¼ Cð0;TÞT
1
2
TD00þTðbhÞ00
	 

ð31Þ
with
Cð0; TÞ ¼ hCð0; TÞi  T h
2
2X
XThDhh
 !00
ð32Þ
as the strain-free, effective speciﬁc heat per unit volume. Let
FðTÞ ¼ XThDhh=X; Cð0; TÞ can be evaluated as
Cð0; TÞ ¼ hCð0; TÞi  TF  2ThF 0  Th
2
2
F 00 ð33Þ
Usually, we desire to use D; að0; TÞ, and Cð0; TÞ to characterize the
macroscopic thermoelastic behavior of the heterogeneous materi-
als. The computation of að0; TÞ and Cð0; TÞ requires the derivatives
of D; b; F with respect to temperature, which implies we need to
differentiate Eq. (21) with respect to temperature such as
E0X þ EX0 ¼ D0h D0hh ð34Þ
This equation can be used to solve for X0 ¼ X00þX0h once X has
been solved from the original equation in Eq. (21). The second
derivatives can be evaluated similarly. Although feasible, this ap-
proach introduces unwarranted complexity and longer computing
time in real applications. A much more practical and simpler ap-
proach is to ﬁt the values of a; F with respect to T as a simple func-
tion such as a polynomial, then evaluate the needed ﬁrst derivative
of a to obtain að0; TÞ and evaluate the needed ﬁrst and second
derivatives of F to obtain Cð0; TÞ. This approach also allows us to re-
use the VAMUCH code developed in Yu and Tang (2007b) to imple-
ment the present theory with minor changes.
It is worthy to point out that if one assumes that the constituent
material properties are temperature independent, that is
C0ijkl ¼ 0 a0ij ¼ 0 ð35Þ
we have
bð; TÞ ¼ bð0; TÞ ¼ b ð36Þ
að; TÞ ¼ að0; TÞ ¼ D1b ð37Þ
Cð; TÞ ¼ Cð0; TÞ ¼ hCð0; TÞi  TF ð38Þ
These formulas are exactly the same as those in Yu and Tang
(2007b) if we realize that work further restricts small temperature
variations, which implies that T can be replaced by T0. Note the sign
difference before TF because the sign in front of the energy term
related with speciﬁc heat should be minus in Eq. (2) of Yu and Tang
(2007b).
After having obtained the effective material properties, we can
use them to carry out various macroscopic thermoelastic analyses
of the homogenized effective medium under different loading and
temperature conditions, output of which should be global displace-
ments and strains.
If the local ﬁelds within the UC are of interest, we can recover
those ﬁelds after we have obtained the macroscopic behavior
which can be described by global displacements v i and global
strains . (Yu and Tang, 2007b).
u ¼ v þ
@v1
@x1
@v1
@x2
@v1
@x3
@v2
@x1
@v2
@x2
@v2
@x3
@v3
@x1
@v3
@x2
@v3
@x3
2
664
3
775
y1
y2
y3
8><
>:
9>=
>;þ
v1
v2
v3
8><
>:
9>=
>; ð39Þ
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The local strain ﬁeld can be recovered using
 ¼ þ Chv ð40Þ
Finally, the local stress ﬁeld can be recovered straightforwardly
using the 3D constitutive relations for the constituent material as
r ¼ Dþ bh ð41Þ4. Analytical solution for binary composites
To demonstrate and validate the predictability and capability of
VAMUCH, we consider a periodic binary composite formed by
orthotropic layers and the material axes are the same as the global
coordinates xi so that the material is uniform in the x1–x2 plane and
the periodic along x3 direction. A typical unit cell can be identiﬁed
as shown in Fig. 2, the dimension along y3 is h and dimensions
along y1 and y2 can be arbitrary. Let /1 and /2 denote the volume
fractions of the ﬁrst layer and the second layer, respectively, and
we have /1 þ /2 ¼ 1.
Because the material is uniform in the x1–x2 plane, the ﬂuctuat-
ing function vi will be a function of only y3. Introducing Lagrange
multipliers, we can pose the variational statement of microme-
chanical analysis of UC as:
J¼ 1
2h
Z ð/112Þh
h2
ð1ÞTDð1Þð1Þ þ2ð1ÞTbð1Þh
 
dy3
"
þ
Z h
2
ð12/2Þh
ð2ÞTDð2Þð2Þ þ2ð2ÞTbð2Þh
 
dy3
#
þkihvii
þbi3 vð2Þi y3;
h
2
	 

vð1Þi y3;
h
2
	 
 

Z T
T0
Z f
T0
hCð0;qÞi
q
dqdf ð42Þ
with
ðaÞ ¼ 11 212 22 213 þ @v
ðaÞ
1
@y3
223 þ @v
ðaÞ
2
@y3
33 þ @v
ðaÞ
3
@y3
$ %T
bðaÞ ¼ bðaÞ11 bðaÞ12 bðaÞ22 bðaÞ13 bðaÞ23 bðaÞ33
j kT
where a ¼ 1; 2 denote two layers and vðaÞ are the ﬂuctuating func-
tions for two layers. The material matrices DðaÞ are characterized by
the nine constants for the orthotropic elastic materials and ar-
ranged as:
DðaÞ ¼
cðaÞ11 0 c
ðaÞ
12 0 0 c
ðaÞ
13
0 cðaÞ66 0 0 0 0
cðaÞ12 0 c
ðaÞ
22 0 0 c
ðaÞ
23
0 0 0 cðaÞ55 0 0
0 0 0 0 cðaÞ44 0
cðaÞ13 0 c
ðaÞ
23 0 0 c
ðaÞ
33
2
66666666664
3
77777777775
ð43Þ
Following the normal procedure of calculus of variations, we can
solve for the ﬂuctuation functions which can be used to obtain
the following effective Helmholtz free energy as:3x , 3y
1x , 1y
2x , 2y
Fig. 2. Sketch of a binary composite.PX ¼ 12
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hþ f  ð44Þ
It can be observed that the homogenized material properties still
possess the same orthotropic symmetry for this binary composite
case, although in general the homogenized material could be gen-
eral anisotropic, which means a fully populated 6  6 stiffness ma-
trix. The expressions of effective elastic properties cij are listed here.
c11 ¼ hc11i 
/1/2ðcð2Þ13  cð1Þ13 Þ2
/1c
ð2Þ
33 þ /2cð1Þ33
c12 ¼ hc12i 
/1/2ðcð2Þ13  cð1Þ13 Þðcð2Þ23  cð1Þ23 Þ
/1c
ð2Þ
33 þ /2cð1Þ33
c13 ¼
/1c
ð1Þ
13 c
ð2Þ
33 þ /2cð2Þ13 cð1Þ33
/1c
ð2Þ
33 þ /2cð1Þ33
c22 ¼ hc22i 
/1/2ðcð2Þ23  cð1Þ23 Þ2
/1c
ð2Þ
33 þ /2cð1Þ33
c23 ¼
/1c
ð1Þ
23 c
ð2Þ
33 þ /2cð2Þ23 cð1Þ33
/1c
ð2Þ
33 þ /2cð1Þ33
c33 ¼ 1
1
c33
 
c44 ¼ 1
1
c44
 
c55 ¼ 1
1
c55
 
c66 ¼ hc66i ð45Þ
The thermal stress coefﬁcients bij can be expressed as:
b11 ¼ hb11i 
/1/2ðcð1Þ13  cð2Þ13 Þðbð1Þ33  bð2Þ33 Þ
/1c
ð2Þ
33 þ /2cð1Þ33
b12 ¼ hb12i
b22 ¼ hb22i 
/1/2ðcð1Þ23  cð2Þ23 Þðbð1Þ33  bð2Þ33 Þ
/1c
ð2Þ
33 þ /2cð1Þ33
b13 ¼
ðcð2Þ55 bð1Þ13/1 þ cð1Þ55 bð2Þ13/2Þ
/1c
ð2Þ
55 þ /2cð1Þ55
b23 ¼
ðcð2Þ44 bð1Þ23/1 þ cð1Þ44 bð2Þ23/2Þ
/1c
ð2Þ
44 þ /2cð1Þ44
b33 ¼
ðcð2Þ33 bð1Þ33/1 þ cð1Þ33 bð2Þ33/2Þ
/1c
ð2Þ
33 þ /2cð1Þ33
ð46Þ
The effective heat f  of the binary composite can be calculated as:
f  ¼
Z T
T0
Z f
T0
hCð0;qÞi
q
dqdf
/1/2h2
ðbð1Þ33 bð2Þ33 Þ2
/1c
ð2Þ
33 þ/2cð1Þ33
þ ð
bð1Þ23 bð2Þ23 Þ2
/1c
ð2Þ
44 þ/2cð1Þ44
þ ð
bð1Þ13 bð2Þ13 Þ2
/1c
ð2Þ
55 þ/2cð1Þ55
" #
ð47Þ
These analytical expressions of the binary composite example can
be used to validate the general-purpose micromechanics code VA-
MUCH for its capability in modeling heterogeneous materials made
of temperature-dependent constituents and subject to large tem-
perature changes, which are presented in the next section along
Table 1
Material property of Constituent 1.
T (C) E (GPa) m a (l/C) C (KJ=m3C)
23 2.76 0.22 1.22 249.4
50 2.76 0.22 1.37 250.9
75 2.76 0.22 1.51 251.9
100 2.76 0.22 1.65 253.2
125 2.76 0.22 1.78 254.2
150 2.76 0.22 1.90 255.3
175 2.76 0.22 1.98 255.8
200 2.76 0.22 2.06 256.3
225 2.76 0.22 2.13 256.8
250 2.76 0.22 2.18 257.3
275 2.76 0.22 2.23 257.6
300 2.76 0.22 2.28 257.8
Table 2
Material property of Constituent 2.
T (C) E (GPa) m a (l/C) C (KJ=m3C)
23 4.10 0.3 7.46 2280
50 3.57 0.3 8.13 2280
75 3.38 0.3 8.42 2280
100 3.25 0.3 8.45 2280
125 3.14 0.3 8.38 2280
150 3.05 0.3 8.28 2280
175 2.98 0.3 8.09 2280
200 2.92 0.3 7.89 2280
225 2.87 0.22 7.64 2280
250 2.81 0.22 7.38 2280
275 2.77 0.22 7.05 2280
300 2.72 0.22 6.70 2280
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ticle reinforced composites.5. Numerical examples
Several numerical examples including layered binary compos-
ites, ﬁber reinforced composites, and particle reinforced compos-
ites are used to validate and demonstrate the new capability
based on the present model implemented in VAMUCH. The2.65
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Fig. 3. Young’s modulus variationdifferences between linear thermoelasticity and ﬁnite temperature
change small strain thermoelasticity for predicting effective prop-
erties including effective CTEs and speciﬁc heats and local ﬁelds
will be carefully quantiﬁed.
For illustrative purpose, we assume our composites are formed
by two constituents. Constituent 1 is duocel silicon carbide foam
(8% norminal density) with stress-free CTEs and strain-free spe-
ciﬁc heat obtained by curve ﬁtting and Young’s modulus directly
taken based on existing available data from online resource (ERG
Aerospace Corporation, 2011). Constituent 2 is thermoset phenolic
resin matrix composite with glass-cloth-fabric reinforcements
with its properties obtained from Table 7 and curve ﬁtting of Figs.
47 and 50 of ASM handbook (Miracle and Donaldson, 2001). For
simplicity, we also assume both constituents are isotropic with
temperature-dependent material properties including Young’s
modulus EðTÞ, Poisson’s ratio mðTÞ, stress-free CTEs að0; TÞ, strain-
free speciﬁc heat Cð0; TÞ, given in Table 1 and Table 2. Constituent
1 has a melting temperature approximately 2700 C and constitu-
ent 2 has a melting temperature of 538 C.5.1. Binary composites
Let us ﬁrst consider a binary composite with the bottom layer
made of constituent 1 and the top layer made of constituent 2.
The volume fraction of bottom layer is 0.3. Using VAMUCH, this
composite can be modeled using either a 1D UC, or 2D UC, or 3D
UC. The reason is that the dimensionality of the problem necessary
for VAMUCH analysis is completely determined by its periodicity.
Layered binary composite has a 1D periodicity. Hence 1D UC is suf-
ﬁcient and although using higher dimensional models (2D UC or
3D UC) can also reproduce the same results, it is a unnecessary
waste of computing time. Nevertheless, it serves as a good valida-
tion test of the VAMUCH to demonstrate that it will compute
according to its underlining theory. We veriﬁed that indeed 1D
UC, 2D UC and 3D UC predict exactly the same results, which is also
exactly the same as the exact solution derived in the previous
section.
In Fig. 3, we plot the Young’s modulus variation with respect to
temperature including in-plane modulus, transverse modulus, and
the constituent moduli. We can observe as a composite, its Young’s
modulus having a temperature-dependent behavior different from175 200 225 250 275 300
ture (ºC)
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Fig. 4. In-plance CTE ða11; a22Þ change with respect to temperature.
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constants will remain the same no matter whether the theory as-
sumes small temperature changes or not. However, it is not true
for CTEs. The temperature-dependent CTEs of the binary composite
is shown in Figs. 4 and 5, where small temperature change denotes
the results based on linear thermoelasticity assuming small tem-
perature changes and temperature-independence of material prop-
erties while ﬁnite temperature change is based on the ﬁnite
temperature change small strain thermoelasticity theory pre-
sented in this paper. Here we obtain the effective stress-free CTEs
and effective strain-free speciﬁc heat according to Eqs. (30) and
(33) with the needed derivatives with respect to T obtained by ﬁt-
ting the values of a; F with respect to T.5.35E-06
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Fig. 5. Transverse CTE ða33Þ changeAs one can observe from both ﬁgures, the small temperature
change assumptions introduce signiﬁcant errors in predicting
the effective CTEs in comparison to the ﬁnite temperature theory.
One might argue that in the thermoelastic analysis, one should not
directly use the effective CTEs calculated based on small tempera-
ture change assumptions, but use the secant CTEs deﬁned from
these temperature-dependent effective CTEs. In other words, we
use linear thermoelasticity for micromechanics modeling but ﬁnite
temperature change small strain thermoelasticity for macroscopic
stress analysis. For this reason, we also plot the effective secant
CTEs based on assuming small temperature changes only for the
micromechanics modeling. We observe that results predicted from
ﬁnite temperature change small strain thermoelasticity theory are50 175 200 225 250 275 300
rature (ºC)
perature Change
perature Change
perature Change (Secant)
with respect to temperature.
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Fig. 6. Effective speciﬁc heat change with respect to temperature.
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dicted with assuming small temperature changes and even more
signiﬁcantly different with results based on assuming small tem-
perature changes only for the micromechanics modeling, which
implies that the micromechanics model based on ﬁnite tempera-
ture change thermoelasticity theory is necessary to avoid loss of
accuracy for large temperature changes. As far as the speciﬁc heat
C concerned, as shown in Fig. 6, there is not much differences (less
than 0:5%) between assuming small temperature changes or not.
The main reason is that the major contribution comes from the
speciﬁc heat of the constituents hCð0; TÞi which is not affected
by the limiting assumptions of linear thermoelasticity. Hypotheti-
cally speaking, according to Eq. (33), if F and its derivatives F 0 and5.00E-06
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Fig. 7. Longitudinal CTE ða11Þ changF 00 are not that small (F is in the order of 0.1 J/m3–C2 for this case),
then the contribution from the last three terms can overpower
the ﬁrst term when T and thus h is large.
5.2. Fiber reinforced composites
Now, let us consider a ﬁber reinforced composite with the con-
stituent 1 as the ﬁber and constituent 2 as the matrix. The ﬁber vol-
ume fraction is kept 0.3 in order to have a fair comparison with the
other cases without the unnecessary involvement of the volume
fraction factor. The microstructure is periodic in two dimensions
and thus can be modeled using either 2D UC or 3D UC. 2D UC is
the obvious choice as it will predict the same results as 3D UC with50 175 200 225 250 275 300
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compare the effective coefﬁcients of thermal expansion in longitu-
dinal and transverse directions. From the results plotted in Figs. 7
and 8, we again veriﬁed that there are signiﬁcant differences be-
tween the predictions based on ﬁnite temperature changes and
those based on assuming small temperature changes. However,
for this ﬁber reinforced composite, we notice that the transverse
CTEs obtained assuming small temperature changes are closer to
those predicted using ﬁnite temperature changes theory. The spe-
ciﬁc heat results still remain close to each other as what we have
observed for the binary composite.5.25E-06
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Fig. 9. Variation of effective CTE5.3. Particle reinforced composites
To validate and demonstrate the capability of the present the-
ory as implemented in VAMUCH in modeling 3D microstructures,
we choose a particle reinforced composite which should be mod-
eled using a 3D unit cell. The particle is made of constituent 1
and has a volume fraction of 0.3. As expected, VAMUCH predicts
the particle reinforced composite to be macroscopically isotropic.
We plot the effective coefﬁcient of thermal expansion predicted
by VAMUCH in Fig. 9. Again, the results predicted using ﬁnite
temperature changes are signiﬁcantly different from secant CTE0 175 200 225 250 275 300
rature (ºC)
nge
nge
nge (Secant)
with respect to temperature.
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small temperature changes. The effective CTE obtained by assum-
ing small temperature change are also noticeably different from
the effective CTE predicted using the ﬁnite temperature change
small strain theory.
5.4. Predict local stresses
The ultimate purpose of micromechanics is to reduce the origi-
nal prohibitive computation of directly carrying out the macro-
scopic analysis of the structure with all the microstructural
details without signiﬁcant loss of accuracy. To achieve this, we ﬁrst
need to replace the original heterogeneous material with an
imaginary homogeneous material with the effective properties-15
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Fig. 11. Comparison of normal strepredicted using a micromechanics model. Then we can carry out
a much simpler structural analysis with homogenized material
properties to obtain the global behavior. Most of micromechanics
modeling efforts stop here. In fact, we also need to accurately com-
pute the local ﬁelds within the microstructure based on the global
behavior, particularly, if we want to study the failure of heteroge-
neous materials. To complete the modeling process, micromechan-
ics models should also be able to predict the local ﬁelds based on a
certain macroscopic ﬁeld, which is called micromechanical recov-
ery procedure in VAMUCH. To demonstrate the capability of our
model in predicting local ﬁelds, we use VAMUCH to recover the lo-
cal ﬁelds of the ﬁber reinforced composite with a 0.2 ﬁber volume
fraction. Suppose the material is stress and strain free at room tem-
perature T0 = 23 C. The material is constrained so that there are no.00 0.06 0.12 0.16 0.21 0.24 0.33 0.50
mperature Change
mperature Change
 (m)
ss a22 distribution along y3 = 0.
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the material from the room temperature all the way to 300 C.
Stresses will be generated within the material because of thermal
expansion which is constrained by zero deformation. We plot r22
distributions predicted by VAMUCH using both the ﬁnite tempera-
ture change small strain thermoelasticity and the linear thermo-
elasticity assuming small temperature changes. The stress ﬁeld
distribution along the lines y2 = 0 and y3 = 0 are plotted in Figs.
10 and 11, respectively. We can clearly observe that there are sig-
niﬁcant differences between the thermal stresses predicted by dif-
ferent theories as the temperature change cannot be considered as
small because ðT  T0Þ=T0 ¼ 12:04. Indeed, we have veriﬁed that as
we reduce ðT  T0Þ=T0, the differences between these two predic-
tions decrease.
6. Conclusions
A ﬁnite temperature change small strain thermoelasticity is de-
rived for thermoelastic analysis of temperature-dependent materi-
als which could experience large temperature changes by
abandoning the limiting assumptions used in linear thermoelastic-
ity including temperature independence and small temperature
changes. The derivation is based on the concept of the Helmholtz
free energy along with a few basic thermodynamic deﬁnitions.
The variational asymptotic method for unit cell homogenization
(VAMUCH), a versatile micromechanics modeling framework, is
also extended to implement this theory for homogenization of het-
erogeneous materials made of temperature-dependent constitu-
ents experiencing large temperature changes. Exact solution of a
binary composite is presented for the validation of the theory
and the companion computer code. Various examples are used to
quantify the differences of the results based on the new theory
in comparison to linear thermoelasticity. We found out that the
small temperature change assumption introduces signiﬁcant er-
rors for predicting effective CTEs of binary composites and ﬁber
reinforced composites (at longitudinal direction) and smaller er-
rors for ﬁber reinforced composites (at transverse direction) and
particle reinforced composites. There is no error in predicting
effective elastic constants and very tiny error in predicting
effective speciﬁc heats. There are also signiﬁcant differences
between the local ﬁelds predicted by VAMUCH based on linear
thermoelasticity and VAMUCH based on the ﬁnite temperature
change small strain thermoelasticity. We also observed the effec-
tive secant CTEs based on the CTEs obtained using small tempera-
ture assumption are way off the trend of the effective CTEs
obtained without the small temperature change assumption andthis implies that a micromechanics model consistent with the cor-
responding macroscopic structural analysis should be used to ob-
tain the effective thermomechanical properties of heterogeneous
materials made of temperature-dependent constituents and sub-
ject to large temperature changes.
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